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To pave the way for demonstrating experimentally that water is released when tobacco mosaic 
virus protein is polymerized endothermically, it is necessary to formulate a definition of hydra- 
tion amenable to exact thermodynamic analysis. For a three-component system, solvent, 
solute (low molecular weight), and colloid, “hydrate” is defined as that amount of solvent 
which, when added simultaneously with anhydrous colloid, produces identical changes in the 
logarithms of the activities of solvent and solute. This operation is equivalent to adding 
“hydrated” colloid. Upon adding hydrated colloid thus defined, the changes in the logarithms 
of the mole fractions and of the activity coefficients are also identical for, respectively, “free” 
solvent and solute on the “free” basis. This treatment is extended to multicomponent systems 
by taking into account “binding” of other constituents. If the colloid is osmotically ideal, the 
activity coefficients of “free” solvent and of solutes on the “free” basis are identical with those 
of solvent and solutes before addition of “hydrated” colloid, and even for concentrated osmoti- 
cally nonideal solutions they M e r  only very slightly. With this definition of “hydration” one 
can obtain with great accuracy the relationship between mole fraction and activity for all com- 
ponents on the “free” basis in a multicomponent system. It is therefore possible to solve with 
precision for the distribution of all components a t  equilibrium on the two sides of an ideal mem- 
brane impermeable only to colloid. Thus, one can measure “hydration” by weighing a t  equi- 
librium a protein solution in an ideally semipermeable sack suspended in a multicomponent 
solution. 

I. INTRODUCTION 
It was shown by Lauffer et al. (1958) that the polym- 

erization of tobacco mosaic virus protein (A protein) 
into rodlike polymers resembling original tobacco 
mosaic virus (TMV)‘ rods is an endothermic process, 
and it was postulated that the increase in entropy re- 
quired for this reaction to be spontaneous was derived 
from the liberation of water. There are many endo- 
thermic processes in biology and the possibility exists 
that the same explanation can account for many or 
all of them. It is therefore of the utmost urgency that 
experimental methods be devised to determine whether 
or not water molecules are, indeed, released. C .  L. 
Stevens and M. A. Lauffer (paper in preparation) 
have carried out an experiment in which the polymeri- 
zation takes place inside a cellophane sack suspended 
by a delicate quartz helix in a medium containing 
buffer, glycerol, and water. The approximate idea 
behind this experiment is that buffer, glycerol, and 
water will come to equilibrium and therefore will not 
be weighed, but that protein and any water associated 
with it will be weighed, corrected for buoyancy (LaufFer, 
1962; Stevens, 1962). If water is released during 
polymerization, it will then come to equilibrium and 
will no longer be weighed. This apparatus, therefore, 
is capable in principle of determining directly the 
amount of water released during this endothermic polym- 
erization process. 

There are, however, many complications involved 
in such an experiment. In order to determine precisely 
what it is one weighs, it is necessary to begin with a 
definition of hydration and with an exact treatment of 
the problem of membrane equilibrium involving multi- 
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component systems, and this must be followed by a 
precise analysis of the way in which each of the com- 
ponents a t  equilibrium affects the weight of the whole 
system. 

11. DEFINITION OF HYDRATION 
Attempts have been made in the past to differentiate 

in terms of thermodynamic concepts between hydrate 
or “bound” solvent and “free” solvent in systems 
containing proteins or other colloidal solutes. In 
general, total solvent has been considered as the sum 
of “free” solvent with the same solvent action, vapor 
pressure, etc. as pure solvent, and the remaining sol- 
vent defined as being “bound.” The experimental 
work outlined in the preceding paragraphs has forced 
us to seek a definition of hydration amenable to exact 
thermodynamic treatment. As the subsequent argu- 
ment will show, we have found one which differs slightly 
in a quantitative sense but importantly in a conceptual 
sense from previous thermodynamic definitions and 
which has the advantage of leading to very simple 
relationships between the “free” solvent in a system 
containing “hydrated” colloid and solvent in a system 
which does not contain such colloid. 

Our definition of hydration can be stated most simply 
in reference to a three-component system; solvent, 
colloid, and (low-molecular-weight) solute. For such a 
system we define “hydrate” solvent as that amount 
of solvent which must be added along with anhydrous 
colloid to a solution so that the ratio of the activity 
of the solvent in the colloidal solution to that in the 
original solution is equal to the ratio of the activity 
of the solute in the colloidal solution to that in the 
original solution. It must be emphasized that this 
definition does not involve equality of activities before 
and after. The activities of both solvent and low- 
molecular-weight solute are changed by adding “hy- 
drated” colloid, but our definition involves equal pro- 
portional change of both. It can be proved rigorously 
that, when this definition obtains, the activity coefficients 
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paragraph A.  The activity coefficients f f l  and p 3  
of equation (4) are those which, when multiplied by the 
respective mole fractions calculated on the “free”- 
solvent basis, give the actual activities of components 
1 and 3 in vessel I after the equality of activity ratios 
has been restored. They refer to the “free” state. 
From equation (2) and equation (4) one can derive the 
first equality in equation (5 ) .  

of “free” solvent and of solute are changed proportion- 
ately the same by addition of “hydrated” colloid, that 
in all cases this change is extremely small, and that 
in an important special case it is exactly zero. In 
the following paragraphs this definition is spelled out 
mathematically and these claims are justified by pre- 
cise thermodynamic deductions. The treatment has 
been extended to multicomponent systems, but in this 
case the “binding” of other constituents must be taken 
into account (Lauffer, 1963a). 

Consider two vessels, I and 11, each initially 
containing nl moles of 1 (water), n3, n4, etc. moles of 
solutes 3, 4, etc. Let single primes refer to vessel I 
and double primes to vessel 11. The mole fraction, 
N ,  the activity, a, and the activity coefficient, f ,  of 
each constituent will be identical in the two vessels 
when they are a t  the same temperature and pressure. 
One can therefore write equation (1): 

A.  

The numerical subscripts refer to the various compo- 
nents and the alphabetical subscripts refer to the 
conditions described in the paragraphs designated by 
the same letter in capitals. 

Now add nz moles of pure colloidal solute, 2 
(anhydrous protein), to vessel I but keep vessel I1 
constant. From the definition of mole fraction, one 
can write equation 2: 
nl + nY + nr + . . I  

nl + n2 + n3 + n4 + . . .  

B. 

~ 

In the usual case, component 2 will affect differently 
the relative escaping tendencies of the several com- 
ponents, 1, 3, 4, etc., and thereby destroy the activity 
ratio equality expressed by equation (1). This in- 
equality can be expresed by nonequations (3). 

C. The following argument can be presented best 
by first considering three components, 1, 2, and 3, and 
by then extending to multicomponents. If, in the 
three-component case, the amount of component 3 is 
held constant in vessel I and the amount of component 
1 is altered, and if f’l and f ’ 3  are never zero or infinity 
and are both single valued for every value of (nl + 
Anl), a value Anl moles (positive or negative) can be 
found which will restore the activity ratios for com- 
ponents 1 and 3 to equality. This can be expressed 
by the central equality of equation (4). 

In this equation, NI1,. and are defined in terms of 
the total amounts of all three components of the system 
(nl + Anl, n2, and n3). The total amount of solvent 
in vessel I is nl + Anl moles. If we now define Anl 
as “hydrate” solvent, one can describe the contents 
of vessel I by saying it contains nl moles of “free” 
solvent, n2 moles of “hydrated” colloid, and n3 moles 
of component 3. In terms of this definition or this 
mode of description, the mole fraction of “free” solvent 
in vessel I is therefore nl/(nl + n2 + no), which is 
exactly equal to of paragraph A .  Similarly, the 
mole fraction of component 3 in vessel I computed on 
the “free”-solvent basis is exactly equal to of 

(5) 

It is appropriate to make several observations at 
this point. Equations (l), (2)) (4), and (5) are all 
exact. “Hydrate” has been defined in terms of opera- 
tions; absolutely no model for a “hydrated” particle 
is involved. The definition of “hydrate” satisfies both 
equation (4) and equation ( 5 ) ;  it is sufficient, there- 
fore, to specify that either be satisfied and it is redun- 
dant to specify that both be. 

Equation (4) could have been satisfied by adding 
both component 1 and component 3 to vessel I. An 
infinite number of combinations is possible. By in- 
spection of equation (4) it can be seen that when specific 
values for An, and An3 which satisfy this equation are 
available, within the range over which fllc and f’3c are 
constant, all other values of Anl and An3 which are 
arrived a t  by merely adding additional amounts of 
components 1 and 3 to vessel I in the proportion in 
which they are already present will also satisfy the 
equation. A convenient set of solutions is the one in 
which either Anl or An3 is zero and the other is positive. 
When the solution is protein and some relatively 
inert solute such as glycerol or sucrose in water, it is 
frequently found that An, is positive when An3 is zero. 

In multicomponent systems one can restore the 
inequalities in component 3 to equalities by adding 
An, moles of component 1, An3 moles of 3, Anr moles 
of 4, etc. When one adheres to the same definitions 
as above, equation (5) is obtained in its full or general 
form. In this case also it is convenient to choose the 
set of An, values in which one is zero and the others 
are all positive. 

111. MEMBRANE EQUILIBRIUM 
D. We now have in vessel I nz moles of colloid 

which has “bound” Anl, An3, An,, etc. moles of 1, 3, 4, 
etc., respectively (one of the Ani values is zero and 
the others are all positive), plus nl, n3, n4, etc. moles 
of “free” components 1, 3, 4, etc. Everything has 
been adjusted so that equation (4)) and therefore 
equation ( 5 ) ,  has been satisfied. We now close vessels 
I and 11, equip each with pistons so that alterations 
in pressure and volume can be made, and connect 
them with an ideal semipermeable membrane imper- 
meable only to component 2. According to Gibbs, 
the condition for equilibrium is pfz f pLIfz, p f i  = pffi, 
when i f 2, T‘ = T”, and P’ f P”. Equation (6) 
expresses the relationship between pi, P,  and ai. 

dh, = v% d P  + RT d In a, 

In this equation, pt is the chemical potential of ith 
constituent, P is the pressure, v, is the partial molal 
volume of the ith constituent, R is the gas constant, 
and T is the absolute temperature. At equilibrium, 
equation (7) and therefore equation (8) must be 
obeyed by every constituent except component 2. In 
equation (8 ) )  

( 6 )  
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[Vt! is an average partial molal volume equal to 
Jp: Vi dP,/(P’ - P”). When attention is focused on 
solvent (component 1) and any one solute, j ,  other 
than colloid, equations (9), (lo), (11) follow directly 
from equation 8. In equation (11) m, is the molality 
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of the j t h  component on the “free” basis. The expo- 
nent in these three equations is equal to the real colloidal 
osmotic pressure multiplied by the difference between 
the average partial molal volumes of solvent and 
component j, all divided by RT. It is relatively easy 
to evaluate this term; therefore equation (9) can be 
solved readily for any of the j components. 

Equations (9), (lo), and (11) were derived in this 
same manner for a ternary solution by Adair (1937). 
They are all exact. Adair, however, did not solve the 
problem of evaluating the ratio of activity coefficient 
products found in equations (10) and ( l l ) ,  and there- 
fore did not solve for the ratio of the molalities of 
permeable solutes at equilibrium. From equation (5) 
it follows that, before equilibrium is established, when 
the definitions in paragraphs C are adhered to, these 
activity coefficient product ratios in equations (10) 
and (11) are identically equal to 1. During equilibra- 
tion, however, there is a slight shift in the composition 
of the “free” portion, and to the extent that activity 
coefficients are concentration dependent there will also 
be slight shifts in activity coefficients. It will be shown 
in a subsequent paragraph that highly accurate evalua- 
tions of these activity terms can be obtained, at  least 
in principle. 

IV. DEDUCTIONS FROM THE GIBBS-DUHEM 
RELATIONSHIP 

From equation (6) and the Gibbs-Duhem relation- 
ship, equations ( l Z ) ,  one can derive equations (13) 
and (14) for a multicomponent system. Except where 

ZN, d In a, = 0 

ZN, d In N ,  = 0 (12) 
ZNi d In ft = 0 

n2RT d In a2 = udP (13) 
d In f 2  = (g - 1) d In NZ 

+ ft,(Jon*n2 d In N2 dg 1: (g - 1) d In N 3  + dg (14) 

otherwise indicated, these equations are exact. In 
equation (13), u is the volume of all components except 
“hydrated” 2. The definition of g in equation (14) is 
the ratio of the real pressure difference a t  equilibrium 
to the ideal osmotic pressure. These equations are 
exactly the same as the thoroughly familiar ones for 
binary solutions. Equation (14) shows that over the 
range of “hydrated” colloid concentration for which 
g does not deviate measurably from one, d In f x  = 0. 

Equation ( 5 )  shows that when dn2 moles of colloid 
which have “bound” Anl, Ans, An4, etc. moles of 1, 3, 
4, etc. per nz moles of 2 are added to a solution contain- 
ing nl, n3, n4, etc. moles of “free” 1, 3, 4, etc., d ln 
f l  = d In f3 = d In f4, etc. Equation 12 can therefore 
be rewritten (N1 + N3 + N4 + . . . )  d In f l  = -N2 
d In f2. When the concentration of “hydrated” colloid 
is low enough that it behaves ideally with respect to 

) 

osmotic pressure this latter term is zero, and therefore 
the derivatives of the logarithms of all the other 
activity coefficients are also zero. Therefore, for this 
case, the activity coefficient ratios of equation ( 5 )  are 
all equal to 1. This means that the activity coefficient 
of “free” components in the colloidal solution (vessel 
I) are the same as in the reference solution (vessel 11). 

For protein solutions too concentrated to be osmoti- 
cally ideal, it is usually found that the second deriva- 
tive of pressure with respect to Nz is zero or positive. 
Therefore one can write, (g - 1) 5 kN2, where k is 
evaluated for the maximum NZ used. Equations 
(15) follow, therefore, from equation (14). 

N2 d In f 2  5 2kN2 dN2 = 2(g - 1) dN, 

Even for the most concentrated solutions of the most 
nonideal proteins for which osmotic pressure data exist, 
g rarely exceeds 4 and N2 rarely exceeds Thus 
the integral in equation (15) is, in general, 5 3 x 

Therefore in the general case one can say that 
the integral of d ln fi for all constituents except 2 in 
going from vessel I1 to vessel I 5 3 X In the 
worst cases, the activity coefficients on the “free” 
basis of the various components in the protein solution 
differ from those in a solution without protein by 3 
parts in 10,000 or less. This is usually beyond the 
precision of measurements of activity coefficients. 

We are now in a position to attempt to solve equations 
(10) and (11) when the solution for equation (9) is 
known. From equations (12) and (15) one can derive 
equations (16). The second of the equations (16) 

N1 d In al + Nt  d In a3 + N4 d In a4 + - .  
= - N2 d In u2 5 - (2g - 1) dN2 

Nl  d In N ,  + N3 d In N3 + N4 d In N 4  + . ’ .  (16) 
= -N2 d In N2 = -dNz 

N1  d In f l  + Nt d In f3 + N4 d In f 4  + . . . 
= -N2 d In f i  5 - (2g - 2)  dNz 

can be transformed into equation (17). It can be 

d l v ,  + d e 3  + d N 4  + . . .  = _ _  d N 2  - 0  (17) dNi dNi dNi dN1- 

shown that dNz/dN1 = nz,!nl. For a hypothetical 1% 
solution of protein with usual molecular weight and a 
value of “g” not greater than 1.5, dN2/dN1 must be 
of the order of magnitude of 10-5. The &st term on 
the left of equation (17) is +1 and the sum of the 
other terms on the left is approximately -1. It is 
therefore a reasonable approximation to set the right- 
hand member of equation (17), whose actual value 
rarely exceeds equal to zero. This is also true 
of the second of equations (16) and, since the &st and 
third are, in the example chosen, of the same order of 
magnitude, they are also almost exactly equal to zero. 
In this form equations (16) are the same as for a solut,ion 
without “hydrated” colloid but with composition 
equal to the composition of “free” constituents of the 
protein solution. For the ternary system, 1, 2, 3, 
equation (16) reduces to approximately that of the 
binary system, 1, 3. In this case it is very easy to 
evaluate the change in N associated with a change in 
activity from data such as freezing-point depressions 
for the binary solution. Such data are available for 
many solutes in water; for example, glycerol. One 
can therefore readily evaluate equations (10) and (11) 
from equation (9). The solution of the equations is 
more difficult when additional permeable components 
are present, but it is possible, in principle, to obtain the 
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requisite data by studies on solutions of the permeable 
components. For example, if components 1, 3, and 4 
were water, glycerol, and sodium chloride, respectively, 
one could obtain the required information from com- 
bining vapor-pressure or freezing-point-depression 
data with electrochemical data. If the ionic strength 
of the electrolyte is 0.1 or less, it ought to be reason- 
ably satisfactory to evaluate d ln j4 from the Debye- 
Huckel theory. 

V. THE BUOYANT WEIGHT OF 
“HYDRATED” MACROMOLECULES 

Consider a “weightless” container, initially with 
impermeable walls, of volume u‘ ,  Wed with a solution 
containing components 1 (water), 3 (such as glycerol), 
and 4 (such as sodium chloride), and suspended in a 
much larger solution of the same composition. Now 
add to the content of the container yz g of component 
2 (such as Na,Pr) in the pure “anhydrous” state. A 
volume of solution (1,3,  and 4) will have to be removed 
from the container exactly equal to y4(V2). (Vi) 
refers to the average partial specific volume, f Vi 
d y i /  f dyi ,  of the ith component. Therefore the dis- 
placed volume is yz(V~),  and the displaced weight is 
yz(Vz)p, where p is the density of the solution, 1, 3, 4. 
This term encompasses all volume changes resulting 
from introducing 2, the volume “occupied” by the 
molecules of 2, any contraction or expansion of any 
other components of the solution when “bound” by 
the molecules of 2, and any volume changes which 
take place a t  a distance as a result of introducing 2. 
As has already been explained, this introduction of 
“pure anhydrous” component 2 will create the in- 
equality in activity-coefficient ratios described by 
inequality (3). The activity ratios and therefore the 
activity-coefficient ratios expressed in equation (5) 
can be restored to equality by adding Anl moles of 1, 
An3 moles of 3, and Ana moles of 4. For convenience 
we will follow the convention explained previously 
and adopt the set with An3 = 0. Accordingly, in order 
to satisfy equation (5) we must add An, moles or Gy2 
g of component 1 and An4 moles or G‘yz g of component 
4 to the container. Since the volume, u’ ,  must remain 
constant, GyZ(V1) + G’yZ(V4) ml must be displaced 
from the container. G refers to the weight of “hy- 
drate” solvent and G’ to the weight of “bound” com- 
ponent 4 per gram of 2. The net or buoyant weight 
of the content is given by equation (18). 

W = rtG[1. - ( V d ~ l  + rzG’[1 - (V4)pl 
+ ~ z [ l  - (vz)i,l (18) 

If the walls of the container are now transformed into 
ideal semipermeable membranes and are equipped 
with a piston to allow changes in pressure and volume 
without altering the property of weightlessness, adjust- 
ments in pressure and composition will take place to 
satisfy equations (9), (lo), and (11). If the volume 
is adjusted to keep the amount of “free” component 1 
constant at y1 g, there will be slight changes in the 
amounts of “free” component 3 and 4 to give h a 1  
amounts inside the container of y3 and y4 g, respectively. 
These adjustments will contribute (y3 - r3)[1 - 
(V3)p] and (y4 - r4) [l - (V,)p] to the net or buoyant 
weight, where r3 and r4 are the amounts of 3 and 4 
respectively per y1 g component of 1 in the external 
solution and originally in the internal solution. The 
final net weight is given by equation (19). 

W = rzG[1 - ( V d ~ l  + rzG’[1 - (V4)pI 
+ y2[i - ( V ~ ) ~ I  + (y3  - ri) [I - (v3)Pi 

+ (y4 - r4)[1 - (v4)Pl (19) 

Equation (19) is exact for an incompressible system. 
In equation (19), (y3 - r3) = (M3yl/1000) (mt3 - 
r n ” 3 ) .  A formally identical relationship exists for com- 
ponent 4. Equation (11) can be written mt3 = H3mX3, 
where Ha is defined as the remaining terms in equation 
(11). Thus (yB - r3) = (M3y1m”3/1000) (Hg - 1). 

The situation with respect to component 4 is more 
complex because we have taken it to be a uni-univalent 
electrolyte. The chemical potential, therefore, of 
component 4 is the sum of the chemical potentials of 
the positive ion and of the negative ion, and the 
condition for equilibrium as stated by Gibbs is that 
these two sums be equal for the two sides of the mem- 
brane. Equations (9), (lo), and (ll), therefore, take 
the form of equations (20)) (21), and (22) for this 
special case. 

m14+m’4- = H4mh4+m“p_ (22) 

These three equations are exact. When H 4  = 1, i.e., 
when P’ - P” = 0, equation (22) reduces to the 
familiar approximate equation for Donnan equilibrium. 

Because of the necessity to preserve zero net charge, 
m14+ of equation (22) is equal to mI4, the molality of 
sodium chloride inside the box, plus q, the molality 
of positive ion from the ionization of sodium proteinate. 
The molality of the negative ion inside the box is 
equal to mi4, and the molalities of both the positive 
and the negative ions on the outside are equal to mv4. 
When these values are substituted into equation (22) 
and the quadratic is solved for mf4, one obtains equation 
(23). 

Equation (24) then follows. 

Therefore, equation (19) can be transformed into 
equation (25). 
W = - ( V I ) P ]  + raG’[1 - (V4)pI 

+ Y I P  - (V2)Pl 

+ --m 3(H3 - 1) [1 - W ~ P I  (25) M3Y1 I’ 

1000 

- 1 [ 1 -  1 -~ 
2m’I4 (V4) P I  

This is an exact equation for an incompressible system. 
All of the terms on the right side of equation (25) 

except G and G’ can be evaluated independently. 
When p = l!(Vl), G’ can therefore be evaluated from 
a determination of the buoyant weight of the material 
inside the container. When the density of the solution 
is subsequently raised, G can be evaluated from W 
provided only that G’ does not change appreciably. 
This is a likely situation if the density is changed 
primarily by altering the amount of component 3 in 
the system, keeping component 4 constant. In any 
event, G’ is apt to be very much smaller than G, so 
that even if this assumption is not completely valid 
no great error in the evaluation of G results. 

When one deals with an isoelectric protein, com- 
ponent 4 can be omitted entirely and equation (25) 
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becomes very much simpler. In this instance G can 
be evaluated directly from one determination of W.  
We have therefore, in principle, a simple method, 
solidly grounded on thermodynamics, for determining 
protein hydration as defined in section I1 ilauffer, 
196313). 

VI. RELATIONSHIP TO OTHER METHODS 
OF DETERMINING HYDRATION 

Newton and Gortner (1922) defined “bound” water 
as that fraction of the water in a system which is not 
available to act as a solvent for solutes added to the 
system. They measured this amount of water by 
determining the freezing-point depression of the sample 
containing colloidal material to which enough sucrose 
was added to make the solution molar in sucrose and 
compared this with the calculated value of the freezing- 
point depression if the total water in the solution had 
been available to dissolve sugar. Hill (1930) used an 
accurate vapor-pressure apparatus to study “bound” 
water content of muscle and blood. He defined “free” 
water as the weight of water in 1 g of fluid or tissue 
which can dissolve substances added to it with a normal 
depression of the vapor pressure. In both these 
methods the difference between “free” water and total 
water is taken to be “bound” or “hydrate” water. If, 
as a refinement of the method of Hill, one defines as 
hydrate, A’n,, that amount of solvent one must add 
to the colloid solution to make d In a‘, dnJ = d In a”, dn3 
or d In (P’/Po)  dn3 = d In (P” Po) dn3, it can be shown 
that this definition of hydration amounts to one 
solvent molecule per colloid particle less than our 
value, 

Briggs (1932) showed that the amount of “bound” 
water in several systems, whether determined by the 
method of Hill (1930) or by that of Newton and Gort- 
ner (1922), depended on the activity of the water in 
the system. The same relationship must hold for 
“hydrate” water determined by our method. 

Bull (1944) carried out an extensive study on sorp- 
tion of water vapor by many proteins when suspended 
in water vapor in equilibrium with solutions with 
various water activities. He found, in agreement with 
the observation of Briggs, that the amount of water 
taken up per unit weight of protein increased as the 
activity of the water increased. In effect, protein is 
separated from a solution of components 1, 3, 4, etc. 
by a membrane permeable only to water. The condi- 
tion for equilibrium is that the activity of the water 
in the protein phase be equal to that in the solution. 

For every case in which Ani* moles of solvent are 
sorbed by n2 moles of protein in equilibrium with the 
vapor of a solution containing n, moles of 1 and B n, 
moles of 3, 4, ‘ .  . j ,  equation (26) can be written, 
where ’ I ’  refers to the protein and sorbed vapor. 
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’ Add ~ ’ n ~  moles of 1 to I to satisfy d In a’, dns = 
d In a“,/dnl. Since f ’ l  = f” i ,  exactly for an osmotically 
ideal solution and almost exactly for all solutions, a’l = 

(N’l/N”l)a”l and d a f l / d n 3  = (N’1 ”’1) da”) d n ,  + U”I 

d(N’,lN”,)/dni. Therefore d In a’, d n ~  = d In a”, d n ~  + 
(N”, d(” ,  N”,) /dn l .  Since = n’l ( n ’ ~  + w + 
nl + n4, etc.) and N”, = n”, (n”l + nl + n,, etc.), d In 
a‘] dn4 = d In aff l /dna + N ” l n ’ ~ ( n ’ ~  f nz - n ” ~ )  [N’I~’’I(~’I 
+ n? + n?)?]. The final term is zero when ( n ’ ~  + n ~ )  = 
nN1. Thus, d In a‘lldn3 = d In ~ ” ~ l d n ,  when n’l = (n”1 - 
n2) = (nl - n.). . .?l’nl = Anl - n2. 

Equation (27) is an expression for the activity of solvent 
after the protein with its sorbed solvent is dissolved in 
the binary solution. 

f 27) f ’ lc(Anl* + n1) 

nl + ~ n 1 *  + n1 + n, 

a‘i = - 
3 

3 

The activity coefficient is the one in which total solvent 
is considered. For the case in which the activity 
coefficient of total solvent after mixing is equal to the 
weighted mean of f ” ’ ]  and f n l ,  equation (27) becomes 
equal to equation (26). For this case, therefore, the 
An, * determined by a sorption experiment satisfies 
the requirement that all = a“l. 

For the multicomponent system, 1, 2, 3, . . .  j ,  

Inl  * = An, + (nln2 B n,). Therefore, exceptforsolutions 

in which n, B n, is very large, this definition of hydra- 

tion approaches ours within a few solvent molecules 
per colloid particle. The equation just mentioned can be 
derived as follows. From equations (26) and (27), one 
can write: 

3 

3 3 

3 

= ~~ f”1m = a’l = __ f ’ l c ( A n l *  + n1) 

3 3 

3 3 
n! + n, nl  + ~ n ] *  + nl + n, 

- f’lbl + k )  - - ~- 

Sincef”, = Pl, 
-~ - n1 + k nl 

j 3 

3 3 
nl + n, (nl + ni) + (n: + k )  

k = n l n ?  

5 n ,  
3 

3 

3 
Therefore Anl*  = Anl + (nln2 2 nb) .  

If it is assumed that the condition for zero sedimen- 
tation rate in an ultracentrifuge experiment is “weight- 
lessness” of the “hydrated” colloidal component, 
one can transform equation (19) into equation (28) 
for a system containing 1, 3, and “hydrated” 2 at 
infinite dilution. 

W = 0 = - (VJpoI + Y Z [ ~  - (Vz)pol (28) 

For equation (28) to be completely applicable, the 
colloid would have to be uncharged. In  this equation, 
po is the density of binary solution 1, 3 corresponding to 
zero sedimentation rate. The fourth term on the 
right of equation (19) vanishes at infinite dilution of 
colloid because the colloidal osmotic pressure vanishes. 

3 This would be an exact and sufficient condition for zero 
sedimentation velocity in a hypothetical system containing 
at least three components in which the chemical potential 
of each component was independent of distance from the 
axis of rotation. It is impossible t o  realize this condition 
in an  actual sedimentation velocity experiment. To  the 
extent that the real situation is a sufficiently close approxi- 
mation to the ideal unrealizable case, “weightlessness” is 
an appropriate criterion for nonsedimentation. 
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out in glycerol solutions with slightly higher water- 
vapor pressures, it was found that of the order of 
magnitude of one-tenth of this amount of water was 
released when TMV protein polymerized. 

When equation (28) is solved for 1 po, equation (29) 
is obtained. 

Except for differences in symbols, this equation is 
identical with equation (6) of Lauffer and Bendet (1954) 
and equation (1) of Lauffer et al. (1952) for the case 
in which the “sol~ate’~ is component 1. There is an 
apparent difference in definitions of p, but this vanishes 
for the case of “weightlessness.” This equation has 
been used by many investigators to determine the 
“hydration” of proteins from experiments involving 
measurement of sedimentation velocities in sucrose or 
glycerol solutions of different densities. Contingent 
only upon the limitation expressed above, it is evident 
that “hydration” determined by this method is the 
same as that defined in section 11. 

While there are to my knowledge no data in the 
literature on the (‘hydration” of TMV protein, there 
are data on TMV itself. Schachman and Lauffer 
(1949) studied the sedimentation of TMV in sucrose 
solutions of different densities and extrapolated their 
results to zero sedimentation rate. This occurred at  a 
density of 1.27. From this result and equation (29) 
one can calculate that 0.27 g of water is “bound” 
per gram of TMV. From data in the International 
Critical Tables one can estimate that a sucrose solution 
with the density of 1.27 has a relative water vapor pres- 
sure of about 0.91. Katchman et al. (1950, 1951) re- 
ported data on the sorption of water vapor by dry 
TMV in equilibrium with water vapor at  various 
partial pressures. They obtained somewhat different 
results in sorption and desorption experiments. How- 
ever, from their results one can estimate that something 
between 0.21 and 0.30 g of water is (‘bound” by 1 g 
of TMV at a relative vapor pressure of 0.91, This 
result is in quite good agreement with the finding 
of Schachman and Lauffer. In the studies of Stevens 
and Lauffer, to be reported later, which were carried 
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